In this paper, we prove the existence and uniqueness of solutions for a system of fractional differential equations with Riemann-Liouville integral boundary conditions of different order. Our results are based on the nonlinear alternative of Leray-Schauder type and Banach's fixed-point theorem. An illustrative example is also presented.
Introduction
In this paper, we investigate a boundary value problem of first-order fractional differential equations with Riemann-Liouville integral boundary conditions of different order given by Fractional differential equations have recently been addressed by several researchers for a variety of problems. Fractional differential equations arise in many engineering and scientific disciplines as the mathematical modeling of systems and processes in the fields of physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology, economics, control theory, signal and image processing, biophysics, blood flow phenomena, etc. [-]. Fractional-order differential equations are also regarded as a better tool for the description of hereditary properties of various materials and processes than the corresponding integer order differential equations. With this advantage, fractionalorder models become more realistic and practical than the classical integer-order models, in which such effects are not taken into account. For some recent development on the topic, see [-] , and the references therein. The study of a coupled system of fractional http://www.advancesindifferenceequations.com/content/2012/1/130 order is also very significant because this kind of system can often occur in applications. The reader is referred to the papers [-], and the references cited therein. This paper is organized as follows: In Sect. , we present some basic materials needed to prove our main results. In Sect. , we prove the existence and uniqueness of solutions for the system (.) by applying some standard fixed-point principles.
+ v(t) = g(t, u(t), v(t)), t ∈ [, ], u()
=
Preliminaries
Let us introduce the space X = {u(t)|u(t) ∈ C  ([, ])} endowed with the norm u = 
where [q] denotes the integer part of the real number q.
Definition . The Riemann-Liouville fractional integral of order q is defined as
provided the integral exists.
The following lemmas gives some properties of Riemann-Liouville fractional integrals and Caputo fractional derivative [] .
To define the solution of the boundary value problem (.), we need the following lemma, which deals with a linear variant of the problem (.).
subject to the boundary condition
is given by
Using the Riemann-Liouville integral of order p for (.), we have
where we have used Lemma .. Using the condition (.) in the above expression, we get
Substituting the value of c  in (.), we obtain (.).
Main results
For the sake of convenience, we set
The first result is based on Leray-Schauder alternative. 
In addition, it is assumed that 
Then for any (u, v) ∈ , we have
s, u(s), v(s) ds
Similarly, we get
Thus, it follows from the above inequalities that the operator T is uniformly bounded. Next, we show that T is equicontinuous. Let  ≤ t  ≤ t  ≤ . Then we have
Analogously, we can obtain
Therefore, the operator T(u, v) is equicontinuous, and thus the operator T(u, v) is completely continuous.
Finally, it will be verified that the set
Hence, we have
which imply that
Consequently,
for any t ∈ [, ], where M  is defined by (.), which proves that E is bounded. Thus, by Lemma ., the operator T has at least one fixed point. Hence, the boundary value problem (.) has at least one solution. The proof is complete. http://www.advancesindifferenceequations.com/content/2012/1/130
In the second result, we prove existence and uniqueness of solutions of the boundary value problem (.) via Banach's contraction principle. 
In addition, assume that
where M  and M  are given by (.) and (.), respectively. Then the boundary value problem (.) has a unique solution.
Proof
.
We show that TB r ⊂ B r , where
Hence,
In the same way, we can obtain that
Consequently, T(u, v)(t) ≤ r. http://www.advancesindifferenceequations.com/content/2012/1/130
Now for (u  , v  ), (u  , v  ) ∈ X × Y , and for any t ∈ [, ], we get
and consequently we obtain
Similarly,
It follows from (.) and (.) that
Since M  (m  + m  ) + M  (n  + n  ) < , therefore, T is a contraction operator. So, by Banach's fixed-point theorem, the operator T has a unique fixed point, which is the unique solution of problem (.). This completes the proof.
Example . Consider the following system of fractional boundary value problem: Thus, all the conditions of Theorem . are satisfied and consequently, its conclusion applies to the problem (.).
